Multiple Integral



Double Integrals and Volumes

Let R =[a,b]x[c,d],.S={(x V.2)eR’| (X y)eR,0<z<f(x y)}
Tofind the volume of S-V(S)

’ Similarly to define jabf(x)dx

Divide therectangle R into subintervals




[a, b] is divided into m subinterval [X; ;, X; ]
1=1,2,---m, AX; =X, -X.,,and [c,d] s divided
Intonsubinterval[y,,,y;], Ay; =Y;- ¥, J=1,2,---n
Define Ry =[x, X;Ix[y;;,y;]i=1,---m;j=1,---n
Thearea of R;; Is AA; = AX;Ay;,

choose a samplepoint (x;;, y;) in each R

The volume of Scan approximate » > (X, yi)AA,;

=1 i=1

i.e V(S) = ZZf(Xu Yi)AA,

=1 i=1



Let | P |denote the length of the longest diagonal
R.,1=12---m;j=12---n

ij?
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Definition :

Thedouble integral of f over therectangle R is _[ j f(x, y)dA
R

[ f0x y)dA=Tim > f(x;, i) AA,

R =04 =



If this limit exists
properties:

1. j j cf(x, y)dA=c j j f(x, y)dA

2. || (FOx y)+9(x y)dA= [ f(x y)dA+ [ g(x y)dA
3.AF (X y)=9(X Y)V(X Y)e R, then
|| fox y)dA= [[ o(x, y)dA

R R



Definition :

1.f is integrable on R, if lim ZZf(xIJ Y )AA; exist

PI=>04 i1

2. j j f(x, y)dAis called thedouble integral of f over R
R

Theorem1

Let f be bounded on theclosed rectabgle R

(1) If T is continuous on R, then f Is integrable on R

(i) If f 1s continuous on R except on a finite number of
smooth curves, then f Is integrable on R



Definition :
1.1f lim f(x, y)="f(a,b), thenf is continuous at (a, b)

(x.y)>(ab)
2.1f T is continuous at all (a, b) € R, then f is continuous on R
Example :
1.f(x, y)=sinxy, (X, y)e R =[0, 7] x[0,27]
f Is continuous on R
2.f(x, y)=%y+ %, R =[0,00)x[0, )
f is continuous on R

y
3.f(x, y) =15 X7

0,x=0
f is not continuous on (0,1)
f Is not continuous on (0, w), Vw



lterated Integrals

313
Fixed y,Let A(y)= j X°ydx=y - — Ey

3 1 3
Consider _[o A(y)dy= _[0 ( L Xy dx)dy
Remark :
For function f(x, y),R =[a, b] x[c, d]
1. Let A(X) = f f(x, y)dy B(y)= jab f(x, y)dx

J:A(x)dx = f: ( _[Cd f(x, y)dy)dx is called an iterated integral



2. [ [ f(x, y)dydx=[ ([ f(x, y)dy)dx

d eb d b
3. | | fOx y)dydx=] (] f(x y)dy)dx
Example :evaluate

(i) j3j4x2ydxdy (ii) ﬁ“xzydydx
(|||)I _fo—(64 8X + y?)dydx
(IV)I IO — (64 -8x + y?)dxdy

(V) jo jl (3% + 2y )dxdy



Theorem 2 (Fubini's Theorem)
If T is continuous on R =[a, b]x[c,d], the
d eb b ed
[[f0x y)dA= j j f(x, y)dxdy = j j f(x, y)dydx

R

Ex:
1. Find H (x - 3y?)dA, where R =[0,2] x[1,3]
R

2.Find H ysinxy dA where R =[0,2]x[0, 7]
R
Ans:ﬂ ysinxydA= IOZ J'O” ysinxydydx="?
R

T 2 . T 2 7T
But IO _fo ysinxy dxdy = IO (—cosxy)‘ody = _[O (1-cos2y)dy
(1 sin2 ﬂ) 0
=77 -(— = 7T - =T
2 Y 0]

3.Find ([ xcosxydA, where R =[0, 7] %[0, 7]

R

4.Find "fr—ydA, where R = {(x y)|-1<x <2,0<y <1}
1+ x




Exercises
1.Let R ={(x, y)|1<x <3,0<y<2} Evaluate

j j f(x, y)dA,where f is the given function
R

1 f B 2,1<x<3,0<5y<?2
'(Ky%'&3<xsaogygz

(2,1<x<4,0<y<1

2.f(X y)=+1,1<x<3,1<y<2
4,3<Xx<4,1<y<?2

2.1f R =[0,1]x[0,1], show that
D< Hsin(x+y)dA£1
R




3.LetR, ={(x y)|0<x<2,0<y<1} R =][0,2]%[0,2]
R, ={(xy)|0<x<2,1<y<?2}

Supposethat H f(x, y)dA=4, H g(x, y)dA=6, H g(x, y)dA=2

Evaluate
L[] (4f(x y)-g(x y))dA

2. 3g(x, y)dA
3. (2f(x, y)+ 4)dA
4. [ (3f(x, y)+ 4g(x, y))dA

R




4. Evaluate each of theinterated integrals
() [ [ f(x y)dydxwheref(x, y)=x?y
(ii) jol j: xe Y dxdy
(i) | jolxsinydxdy
W) [ [ #dydx
W) [ [L1x*y* dydx
vi) [ [ [x*y°dydx

(vii) [ [.[411y| dydx

22 (2




5. Calculate the double integral
(i) [[ (2y* -3xy°)dA,R = {(x yl<x<2,0<y<3|
R

(ii) jRj xc0S(X + y)dA,R = [o,%]x[o,%]

Gii) ([ dA R =£(x y)[-1<x <2,0<y <1}
2+Y

R

(iv) xye* Y dA, R =[0,1]x[0,1]

(V) ny\/l+x2dA, R={(x,y)|0<x< J3,1< y<2}



6. Find the volume of thesolid lying under the plane
Z = 2X +5y+1and above the rectangle
{(x y)I(-1<x<0,1<y<4)

7. Evaluate the interated integra
() [ [ cosx*dydx (ii)
0J0 JO J1-

oy (L3 2 _ ol pl 3
(11) J'O Lye dxdy (Iv) ﬁ\/l+x dxdy

el 02

"~ (3x - y2)dydx

JO ¢
v [ joyz 2y e‘dxdy (vi) [ Lg/g)yzdydx



8. Evaluate ﬂ \/1- x*-y?dA,where D ={(x, y)| x> +y* <1}
D

9. Find the volume of thegiven solid
(i) Bounded by thecylinders x* + y* = 2° and
Yo +2°=2°
(i1) Bounded by theplanesx =0,y=0,z=0
and x+y+z=1



Double Integral over General Regions

Let D be a bounded region and D — R, f is a function defined
on D. Define a new function

z

A ) {f(x, Y) if (% y)eD

Oif (x,y)isin R butnotin D




Definition :
1. Thedouble integral of f over D Is
[ fox y)dA=[[ F(x y)dA

R

D

2. A planeregion D s said to be of typel if
D={(x y)la<x<b,9,(X) <y<g,(¥},
where g,, g, are two continuous function.

3.Aplaneregion D is said to be of typellif

D ={(x y)Ih,(y)sx<h,(y).c<y<d},
where h,, h, are two continuous function.



Example :

1.0, ={(x y)|0<x <z, sinx<y <1} Typel
2.D, ={(x, y)|-1<y<1,2y* <x<1+y°}, Typell
Properties:

1. If f is continuous on a typel region D such that

D={(x y)la<x<b,9,(x) <y<g,(¥},
then [[ f(x, y)dA= j: [*"#(x, y)dydx

gl(x)
2. 1f T is continuous on a typell region D then
[[ 16 yyda= [ [ (x, y)dxdy

D

where D ={(x, y)|h,(y)<x<h,(y),c<y<d}

higy)




Example :
1. Evaluate ﬂ (X +3y)dA
D

Where D ={(x, y)|-1<x <1,2x* <y <1+Xx°}

ANS:

1 pl+x°
H (X +3y)dA= LLXZ (X +3y)dydx
D
= [ x(@+x? —2x2)+g((1+ x2)? - (2x2)?)dx
:jlx+x3-2x3+§+3x2+§x4-4x4dx
1 2 2
1, ;s 1 501 3 1

=(=x —1x4+§x+x -=X7) = +1l-—=2
2 4 2 2 1 2 2



2. Evaluate j J' xydA whereD is the region bounded by
D

theline y = x -1and the parabola y* = 2x + 6

2 4%————— y=x+l
5.4
. Sol :
_1,_2)"“‘-———5
/ = —— D={(xy)|-3<x<5,?2<y<+/2x+6}
yA2=2x
~ 2
={(x y) y26£x£y+1,-2£y£4}

4 ey+1

H Xy dA = jyza xydxdy = 36
2

J-2



3. Find the volume of the tetrahedron bounded by theplanes
X=2y,Xx=0,z=0and x+2y+z=2
Sol :

D={(xy)[0<x<1>
242y +2=2 2

2-x
oL sk V = ij 2-x-2ydA= j: jzz (2-x - 2y)dydx

S v
si 1
/ (l lm X+2Y+0:2 = g

2-X
<y<— =
y 2}




4. Evaluate jlj'lsin(yz)dydx E(1-(:051)
' 0 JX ?

1 el
5. Evaluate jo L cos(y?)dydx

Sol :

D={(X,y)|0<x<1,x<y<1}
={(x y)|0<y<1,0<x<y}




Double Integrals in Polar Coordinates
Consider R={(r,0)|a<r<h,a<0<p

a b

Polar rectangle



Example :

1L.R={(r,0)|0<r<1,0<0< 27}

2.R ={(r,0)
3.R ={(r,0)

1<r<3,0<0< 7}

1<r<3,2<0<™y
3 2

7w T

Thearea of Ris A(R)=(7-3°-7-1%) 2_3

27
_3(32 12y (2.5
2 2 3

=—7

3

i3



4.R;={(r,0)|r,<r<n,0,<0<6;}
Thearea of R;; - AA; Is
1 1 1
AA; = > [FAG, - > RAG, = > (r +1.)(r - 1,)AO,

=1 ALAO,

Where Ar, =1, -1,,,A0, =60,-0;, i=1,---m; j=1,---n

The Riemanu sumof f on R is

D> f(r cos o, 1'sing; ) AA,

i=1 j=1

3

=Y > f(r'cosd;, r;’sing; )r, Ar A6,

i=1 j=1

= ﬂjabf(rcosﬁ, rsin@)rdrd



Properties
1.Let R={(r,0)|a<r<b,a<8d< f}beapolar
rectangle and 0 < - <2z If  is continuous on R, then

. ﬂ b -
I f(x, y)dA= _[ L f(rcosd, rsin&)rdrd 6
R

2.LetD={(r,0)|a<0<6,h, () <r<h,(6)}beapolor
region. If f is continuous on D then

H f(x, y)dA= j _[h © f(rcosé’, rsin@)rdrd &



Example :
1. Evaluate J _[ (4y” +3X)dA
R

where R ={(x, y)|y =0,1< x* +y* <4}
Sol :
R={(xy)|y=0,1<x*+y° <4}
={(r,0)|1<r<2,0<0< r}
[[ 4y +3%dA =" [ * (4(rsin@)? + 3rcos H)rdrd @

R

= joﬂ (15sin“6 + 7cos9)d
15

=—T

2



2. Find the volume of thesolid bounded by theplanez =0

and the paraboloid z =1-x* - y°
Sol :
D={(r,0)]0<r<1,0<0<2x}

V:H(l-xz-yz)dA

=j02ﬂjol(1- r*)rdrd@




Example :
Evaluate j J' e I A
RZ

where R? ={(X, y)| -00 < X < o0, -0 < Y < o0}
Sol :

Consider D, ={(r,#)|0<r<n,0<8<2x}
j j e IdA = lim j j e < YIdA
R? D,

n—oo

. 27 N _r2 BT 27 1 1 -n?
=lim [ | e"rdrdo = lim [ * (* -~ €™ )do

=T



