Newton’s Interpolation
formulae

These interpolation formulae are based on taking finite forward
differences of the given tabulated functional values at equally
spaced arguments at small interval h



Newton’s forward
interpolation formula



Given the set of (n 4+ 1) values.

(x0, ¥0)r (X1, V1)yeee---. (Xn, Yn) of x and y.
It is required to find y(x) a polynomial of n*"* degree such that

y(x) agree at the tabulated values.

Letx; =xo+1ih, 1=0,1273.....1n.



Assume that the function y(x) is a polynomial of n*"

degree and given by

y(x) =Ag+ A1 (x — xo) + Ay (x — xp) (x —x1) + A3(x — xp) (x — x7)
(x—x3) +oennennn. +A,(x —xp) (x —x1)(x — %) +......... +(x —x,_1)

N

®)

Where Ay, A4, 45, .......... A, are constants to be determine.



y(x)=A9g+A4;(x —xo) + A2(x —x¢) (x —x1) + A3(x — xp) (x — x4)
(x —x3) +.eenen ... +A,(x —xg) (x —x1)(x —x3) +.ceel .. +(x — xp_1)

At x = x9,y(x0) = Yo = 4o
=) Ag =Y

At x = x4,
y(x1) = Ag + A1 (%1 — Xo)
Leys = Yo+ A1(x1 — Xxo)

— A
...A1:3’1 J’O:ﬂ

X1—Xp h




y(x) =490+ A1(x —x0) + Az(x —xg) (x —x1) + A3z(x — x¢) (x — x1)
(x —x3) +.eenen ... +A,(x —xg) (x —x1)(x —x3) +.cceel .. +(x — xp_1)
At point x = x,,
y(x2) = Ao + A1 (x5 — x) + Az (2 — x0) (2 — x1)

Y1—Yo
X1—X0

Y2 =Yo T (x3 —xp) + Ay (x3 — xp) (X3 — xq)

Y2 = Yo = 220 (2h) + 2024,

“ Yo — Yo —2y1 + 2yo = 2h*A,



Ayq
nlhn

Continuing in this way we get, 4, =



xi=x0+ih

Setting, x = xo + ph
(x —x0) = ph
x—x1)=x—(xg+h)=x—xy—h=ph—h=((p-1)h
(x—x)=x—(xg+2h)=x—xy —2h=ph—2h=(p—2)h

Type equation here.

(x = xn-1) = [pPEEIRNRT



y(x)=A0+A1(x —x9) + Ax(x —xp) (x —x1) + A3(x — xg) (x — x1)
(x —x3) +.enen ... +A,(x —xg) (x —x1)(x —x3) +.coeel .. +(x —x,-1)

Substituting 44, 41,...4, in equation (1), we get

p(p—1)
2!

p(p—lg)'(p—z) A3

p(p—1)(p—2)..(p—(n—1) AT
n!

Azyo +

yo _|_..._|_

y(x) = yo+pAy, + Yo

This is Newton’s forward interpolation formula.



Ex.1) Find the cubic polynomial which takes the
following values :

y = f(x)



First we will prepare the forward difference table .

I 2 Y S R
0 1

1



EXEAFNErS
0 1

1 2
2 1
3 10

1

Here xo = 0,h =1

b _x—Xxy x—0
12 P= h 1 -

10

By Newton’s interpolation formula,

p(p—1) p(p—1)(p—-2)
2! A%y, + 3! A%yq

y(x) = yot+pAy, +

(x—1) x(x—1)(x —2)

v =1+ x(1) += ——(-2) + -

(12)

y(x) =2x3 —7x*+6x+ 1



Ex.2) If [, represents the number of persons
living at age x in a life table, find accurately
[, for x = 35.

Given l,g = 512,139 = 390, l49 = 360, l5¢ =
243



First we will prepare the forward difference table .

20 512

-122
30 390 152

30 -65
40 360 87

117

50 243



ERIRPRENEN Here x, = 20,h = 10,x = 35

30

40

50

512

390

360

243

122 x—xp _35-20
152 p =

30 -65 h 10

87
117

p(p—1)

By Newton’s interpolation formula,

p(p—1)(p—-2) A3

y(x) = yo+pAy, + A%yo +=—

5(0.5) (1.5)(0.5)(—0.5)

Yo

1.
y(35) =512 + 1.5(~122) + ———=(152) +

y(35) = 390.06 ~ 390

6

(=65)



Ex.3) From the following data, find the number of
students who obtained less than 45 marks.

30 - 40 40 - 50 50 - 60 60 - 70 70 - 80

No. of students



We construct the forward difference table as follows:

Marks No. of
students

Below 40
42
Below 50 31+42=73 9
51 -25
Below 60 51+73=124 -16 37
35 12
Below 70 35+124=159 -4
31

Below 80 31+159=190



:‘(‘:i':‘f‘ n..n Here x, = 40,h = 10,x =45

Below 40 31

X —Xo _ 45 — 40

Below 50  31+42 9 p
=73 -
51 -25 h 10
Below 60  51+73 -16 37
=124
35 12 By Newton’s forward interpolation formula,
Below 70  35+124 -4

=159
31

Below 80  31+159
=190

p(p—1)

—1)(p—2 -1)(p—-2)(p—3
y(x) = yo+pAy, + A2y, 4 P@ 3)!(10 )AB)’O 4 P@ )(zj“ )@ )A4y0
0.5(—0.5) (0.5)(=0.5)(-1.5) (0.5)(=0.5)(=1.5)(-2.5)

y(45) =31+ 0.5— 5 (9) + c (—=25) + 57 (37)

y(45) = 47.8671 ~ 48



Ex.4) The following are the data from steam table:

Pressure kgf / cm? 3.685 4.854 6.302 8.076 10.225

Find pressure for a temperature of 142°C.



We construct the forward difference table as follows:

Temperature °C Pressure
kgf/cm?

3.685
1.169
150 4.854 0.279
1.448 0.047
160 6.302 0.326 0.002
1.774 0.049
170 8.076 0.375
2.149

180 10.225



Here xy, = 140, h = 10,x = 142

X—Xo _ 142-140

= 0.2

P=—"7"="1

=l L
kgf/cm?
3.685
1.169
150 4.854 0.279
1.448 0.047
160 6.302 0.326 0.002
1.774 0.049
170 8.076 0.375
2.149

180 10.225



By Newton’s forward interpolation formula,

-1 -1 -2 -1 —2 -3
y(x) = yo+pAy, + p(pz! )Azyo 4 b@ 3)!(29 )Asyo 4 P@ )(zj“ )(p )A4yo
y(142) = 3.685 + 0.2(1.169) + 0'2(;0'8) 0.279) + (0'2)(_088)(_1'8) (0.047)
(0 2)(— 08)( 1.8)(—2. )(0 002)

Temperature Pressure
kgf/cm?

= 3.8987 3.685

1.169

150 4.854 0.279
1.448 0.047

160 6.302 0.326 0.002
1.774 0.049

170 8.076 0.375
2.149

180 10.225



Ex.5) The population of a town in the decimal census was
given below. Estimate the population for the year 1895

1891 1901 1911 1921 1931

Population



We construct the forward difference table as follows:

e | ropulation | & | | w2 | st
46

1891
20
1901 66 -5
15 2
1911 81 -3 -3
12 -1
1921 93 -4
8

1931 101



Here xo = 1891, h = 10, x = 1895

x—x, _1895—1891 _
P=" 10

“___

1891
20
1901 66 -5
15 2
1911 81 -3 -3
12 -1
1921 93 -4
8

1931 101



By Newton’s forward interpolation formula,

-1 —1)(p—2 -1)(p—2)(p—3
y(x) = yo+pAy, + p(pz! )Azy0 4L P@ 3)!(29 )Agyo 4 P@ )(zj“ )@ )A4y0
J(1895) = 46 + 0.4(20) + 0.4(;0.6) (%) + (0.4)(—056)(—1.6) 2) + (0.4)(—0.6)2(;1.6)(—2.6) (—3)

e opumion |0
= 54.8528 1891 46

20
1901 66 -5
15 2
1911 81 -3 -3
12 -1
1921 93 -4
8

1931 101



